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FORLWORD

Tals report was prepared by the Department of Aeronautical Engineer-
ing of the University of Minnesota in compliance with Air Force Contract
No. 33(616)-€372.

The work being accomplished under this contract is sponsored jointly
by QM Research and Engineering Command, Department of the Army; Bureau of
Aeronautics and Bureau of Ordnance, Department of the Navy; and Air
Research and Development Command, Department of the Air Force, and is
directed by a Tri-Service Steering Committee concerned with Aerodynamic
Retardation. Contract administration 1z conducted by Wright Air Develop~
ment Division and Mr. Rudi J. Berndt of the Parachute Branch, Aeronautical
Accessories laboratory, Wright Air Developmert Division, is Project
Ezgineer.

Staff members of the Depariment of Aeronautical Engineering of the
University who havc contributed significantly to the Project include:
Messrs. E. L. Haak, B.Ae., and R, J, HNiccum, B.Ae., as well as a number
of graduate and undergraduate students of the Institute of Technology

of the University of Minnesota.
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ABSTRACT

An analytical and experimental investigation of the velocity and
rressure distribution in the wake of a body of revolution has been
conducted and an esquation was derived which presents the velocity and
pressure distribution of the turbulent wake as function of an experimental
parameter . The experimental parameter <€ was extracted from newly
performed measurements.

Satisfactory agreement between theoretical prediction and experi-
mental results was obtained over a range of between four and twelve dia-

meters downstream of the body.

Publication Review

The publication of this report does not constitvte approval by the Air
Force of the findings or conclusions contained herein. It is published

only for the exchange and stimulation of ideas.

FOR THE COMMANIER:

W am 2 Aipasim
Warren P. Shepardson

Chief, Parachute Branch
Aeronautical Accessories laboratory
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SECTION 1
INTRODUCTION

The velocity and pressure distribution in the turbulent wake of
two - and three-dimensional bodies has been treated in a number of in-
vestigations. The subject is very complicated and a perfect solution
does not seem to exist (Ref. 5).

For problems of aerodynamic retardation, in which a drag-producing
secondary body is deployed in the wake of a fast moving primary body in
order to reduce through aerodynamic drag the speed of both bodies, the
knowledge of the velocity and pressure distribution in the wake of the
primary body becomes a very important problem. The final objective of
problems of this nature is then the determinatiocz of the drag of retar-
dation devices in undisturbed flow and in the wake of a primary body, and
the drag of the system consisting of primary and secondary body.

The analytical and experimental determination of the velocity and
pressure distribution in the turbulent wake was selected to be the first
phase in this field of investigation, and the approach and the results

of these studies are reported in the following.

- . = - e = e wm e e e e = = o

Manuseript released by the authors on December 1959 for publication.
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SECTION 2

THE E.U~TION OF MOTION

2.1 The Turtulent Wake Behind a Body
It is customery to present the turbulent wcke as shown in Figs. 1
and 2.

Y
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Fig. 1 Velocity Distribution for a Fluld at Rest and a
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Fig. 2 Velocity Distribution for a Body at Rest and a Moving Fluid

One has to distinguish the case in which the undisturbed flow

is at rest and the body moves with the velocity

WADD TR 60-257

=2=

Uy, creating in 1ts

wake



a turbulent flow with a varying velocity u which is smaller than the
velocity of the moving body (Fig. 1). In the other case the body is at
rest while the undisturbed fluid moves with the velocity u,, with a vary-
ing velocity u' in the wake of the body (Fig. 2). Experience shows that
with inecreasing distance from the body the area of the disturbed velo-

city increases while the difference between the free-stream and the dis-

turbed velocity decreases.

2.2 The Simplified Equation of Motion

let us assume that a body of revolution is immersed im a fluid
with the velocity u, while the body is held at rest and that a fixed
longitudinal axis is arranged wiich coincides with the direction o¢f the
undisturbed flow (Fig. 2).

At a certain distance x behind the body the components of the dis-
turbed velocity in the x- and y-directions are u's= u, - u and v respec-
tively. As is usual in considerations concerning boundary layer
pheromena, one may assume that the variation of the velocity perpendic-
ular to the x-axis is large compared to that along the x-axis, and that
the pressure gradient parallel to the x~-axis may be neglected. Under
these circumstances one may establish with Swain (Ref. 3) the equation of

continuity and the approximate differential squation of motioz as

follows:
_a. _8. = 0
Ix (YU)+ay(¥V) (29
and
< ﬂ:.!._a_[a i“_‘] (2
(uo U)ax v y y ay fy( y) )

WADD TR 60~-257 ==



The term

PEZ 'rauz
\dy
in equation (2) is the so-called "apparent stress" or"Reynolds stress,"
while £ represents the "Mischungsweg" (Ref. 1) Using the concition of
continuity and the fact that the aerodynamic drag of the body equals the

loss of momentum in the turbulent wake, one may write

[e%]

£ Cp S u,’= 2#pﬁu2+ U, u) y dy, (3)
e (0]
in which the temm
~ = 2
‘eé bD o uo

is the conventional presentaticz of the aerodynamic drag of the body.
Since the velocities u and v are small compared to u,, equations (2) and

(3) can be written as follows:

dm % 2 du\2 | .
“o?%=§a?3@ 7 (5] )

and
’chSuoz= 27rpfuou:f dy. (5)

(o]
In cylindrical coordinates equatiou (3) is written as

£,. S u.’ =.2 mu.u. dr (52)
ZVD o = ‘H'P o r o
(4]
Replacing the term for the apparent stress in the conventional
manner, one obtains (Ref. 5)

2 2\ 2
) (g—;) = Wb (upay = uygp) P (6)

where Y is an empirical constant and b denotes the width of the mixing
zoze.

WADD TR 60-257 b=



With upy, = 0 and the derivation completed, equation (4) may be

written in cylindrical coordinates r and x as

du _ 13u %
Yo bx—xb Ymax (r ar+ brz) i (7)

Assuming that at a great distance from the body the profilesof u
in different cross-sections of the turbulent wake are similar, and using

the method of analysis of dimensions and power-laws (Refs. 3 and 5), one

obtains

r=17 =

P = le/3

and the velocity at the centerline

_Au
Unax 273
In these equations 7, K, and A are coefficients of proportionality.

The solution of equation (7) may be assumed to be

A 2
B uoes‘r)

20

in which s needs to be determined.

) (3)

The value of the individual terms of equation (7) with the assump-

tion under (8) amounts to

e L s

- 3;575\1+B1‘f)e ;
é."_.1=2Au°s1’ eenz »
dr x

and

2 2Au,s s
i o el (] 4 2 3172) e
dr? Ih/j

772
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Substituting these expressions into equation (7) results in

(1+ sM?) (1+ 6 ®WEKAs) = 0.

which provides

R
and 1 772 1
8 = -
6 W KA

Equation (8) may now be written

A g 6 WK A -1
U = e C, e + C, e
1 2
<2/ 3
The boundary conditions of the wake are

i = OINE o o= eer T,

u

L RO LI =" O

fron which the constants can be evaluated as

Therefore, the disturbing velocity amounts to
2
.0
A 63K A
=

u=u,

g (9)

2.3 The Coefficients of A and K

The velocity relationship presented in equation (9) contains two un-
known coefficients A and K. For their determination one has so far merely
the drag momentum equatiorn (ca). The second condition will be taken from
experimental data given in Ref. 10 and those shown in Fig. 4. Furthermore,
the analytical treatment by Swain (Ref. 3) can be used to derive another
condition for the determination of A and K for the purpose of comparing

the validity of the entire treatment.

WADD TR 60-257 -6~



" For the utilization of the experimental data, equation (9) will be trans-

ferred into the form K r|2

6 A
= e (10)

u
UWnax
with the notation

r' =

oI

59
K x1/3
Experiments show that the ratio of u/umax varies very little in the
vicinity of the centerline, which qualifies this region particularly for
numerical evaluation. Therefore the velocity ratio at a point with r'= 0.1

™

. 10 and Fig. 4 to approx-

ehnl
-~ o

p=
o
[{

imately u/umax= 0.96. Therefore one may set

_ Q.01 K
6R A
0.96 = e
which provides
K=2448 A R, (11)

Expressing the drag-momentum equation (52) in terms of the velocity

as presented in (10), one obtains

_K( r|)2

CpS J/ﬁ“’ ol
— = K2 e sl Gl
LI

o
(o
_EE_ =3 A% K %R
L

Substituting the previously obtained value for K into the last equation

gives 3
CpS = 12 7r 2b4.48 A° w2 (12)

or

W =

Cp S
A =0,103 ., W

WADD TR 60-257 i




From equation (11) and (12) one finds
£ - 2.52 ( cps w )3 (13)

Swain (Ref. 3) derived for the velocity distribution the

equation

E =uf ¥ L E (1)
Yrax

in which E . r _ r ’
r b
ro being the value of r at the edge of the wake.
One may now consider the velocity ratio of the particular point at
which u = up;4 and call the related coordinate
2 €=€m

This coordinate can numerically be determined from the relationship

h un:u =umX(€m3/2_1)2

which provides

€. = 0.293 2/3

Equation (10) can be transformed by means of r, as the coordinate at which

R in the same manner and ons obtains

Krmz
Umax SRS
u = T = Upgx ©

WADD TR 60~257 -8~



From this one finds

rp = ( 4,158 !L%_ 1/2 |

If one postulates that both systems are correct, the values of f' 2

and r; must be equal. Consequently,

(5158 SA )12 _ (5.293)2/3

from which follows
= X
A 0.0468 -
Substituting A into (12) provides
~ 2 g3
CpS=12 7 (0.0886) = .

whence

K=2.3(Cp sx)l/3

(17)

and

A=0.07 ( ¢y s /%2 )3

The values of A and K which were obtained from experimental data,
shown under (12) and (13), and the related data derived from Swain's
equation, presented above, agree very well. In view of the fact the results
from the experimental data as well as the ones derived from Swain's
equation include certain assumptions, it appears to be Justified to

establish average values for A and K based on the two independent methods.

WADD TR 60-257



In this manner one can establish

F
]

0.105 ( C e 3

K = 2.1 (cp s w)Y2

These values shall be used in the further treatment of the wake problem.
The velocity equation (9) presented with 7) = -T§§ and with A and K
x

from above may now be written in the following form:

2

1.525 ( Cp satx)2/3

18)
Yo 12/3 (

SECTION 3

NUMERICAL COMPARISON

The equations (14) and (18) represent the local velocity in the tur-
bulent wake. Judging from their structure, it appears that equation (18)
might offer an easler numerical process and it appears to be justified to
pursue its exploitation. The first point in this study shall be a com-
parison of the predictions of avallatle theoretical methods with experi-
mental results. For this purpose, one may compare the predictions re-
prosented by equation (18) with those given by Swain's equation (i4),
Goldstein's results obtained by meanes of "modified vorticity theory"
(Ref. 9), and the mean experimental results obtained by Hall and Hislop
(Ref. 10). For a convenient comparison one may introduce the quantity

» or€m as defined before, and derive from equations (14) ard (18)

WADD TR 60-257 Slos



(19)
Em

and

4 = (20)
Ymax

respectively. Equations (19) and (20) represent now the velocity ratio
as functions of -§; = —-; = 2z, The same process can also be applied to
the findings given by Goldstein's (Ref. 9) and the experimental results by
Ball and Hislop (Ref. 10). In the manner the results of Table 1 were
calculated. Figure 3 illustrates the same results and it can be seen that
equation (20) agrees with the experimental values best in the central
portion, while equation (19) appears to be a better approximation in the

outer portion of the wake.

3.1 Revised Equations for the Velocity Distribution behind a Body of

Bevolution

For practical cases the drag coefficient CD is usually known and the
related area is generally givem by S = Z%QE , where D is the diameter of
the body of revolution. In such a case, it is convenient to present

equation (18) in terms of Cp and D and one obtains

WADD TR 60-257 -11-



_ __0.415 (rn)°
1/3 (%7/3 (CDW}()Z/B

u  _ 0.10 CpT
uo-xza(m : =
(%)

where r* = Zﬁl .

Thus, the velocity in the wake of the body of revolution which moves
with a veiocity u, through the fluid is given by equation (21). 1If the
fluid moves with the velocity u, past the fixed body, the velocity of the

fluid in the wake u' equals

W= g, = W,

and may be expressed by means of equation (21) as follows:

0.415 (r‘)2

)1/3 37 epm’

/3
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EQUATION|  (19) | (20) | gTEmy * AL
Z U/ Unaz. U/Umr.| U/ Upar| U/Umar
0 1.000 1.000 1.000 1.000
OF2 0.973 0.948 0.940 0.980
0.4 0.895 0.857 0.260 0.900
0.5 0.841 0.802 0.800 0.830
0.6 0.779 0.7L6 0.740 0.760
0.8 0.642 0.625 0.630 0.630
1.0 0.500 3.500 0.500 0.500
1.2 0.368 _;iB;;___"___O_;;;- 0.380
0 0.256 0.264 0.300 9.260

i 1.6 0.169 ¢.165 0.220 0.15%0
1.8 2.106 0.079 0.140 0.060
2.0 0.063 0.029 0.100 S

EXTRACTED FROM REF. 9
X¥EXTRACTED FROM REF. 10

TABLE t— ANALYTICAL AND EXPERIMENTAL
VELOCITY DISTRIBUTION

WADD TR 60-257 -13-




452-09 ¥I Qavh
S31aNnLS TVINIWIN3IdX3 ANV v

JUOILATYNY  HLIIM  3ONVOYOIOV NI NOILNS8INiSIO ALIDOT3IA ¢ 9id
m -
81 9°1 t 2 21 ol 8.0 9°'0 $°0 0 (6]
— — — 0
_ [
F— 4 - - +—t— —t i 10
b ]
I/_///.///,L,v _ _ |
~ N { { |
™~ [ = | Sas—— | — . - = e i S (S S—— | 20
~J '~ | A_v T _
/ S
/,//v// | _
m €0
i _
1 v.o
_ 1
fi_ - 4+ Ar —— “m.o
1 |
. _ 3
. t 90!
dOISIH-TIVH 4 IS _ | 6
NI31SQ109-—- i ! I —
HOINNI3H-N3N08VIH — A |
NIYMS -—= . | P
o _ .
///// w
| . E o — ! - , 60
o
. | b _ | B | | —ly /IMPIVI o-—
IUED




SECTION L

THE EXPXRIMENTAL PARAMETER
The equations (21) and (22) still contain the empirical paremeter »t

which for any practical solution needs to be known. For the purpose of
this study and for a more experimental approach to the principal protlem
of aerodynamic retardation, the pressure distribution in the wake of a
cylindrical body with an oglive nose and blunt tall was experimentally
determined. Some results of this study are presented in Fig. 4 and
Table 2, which are abstracts of Ref. 12. An attempt will be made to

correlate the experiments with the analytical prediction of equation (21)

and various values of the parameter ¥t .

L.l Experimental Pressure Distribution

The pressure distribution of the wake shall be presented by means of
the pressure coefficlient, which is defined as the difference between the
total and the static pressure in the wake divided by the dynamic pressure
of the free stream. For incompressible flow this fraction is identical
to the ratio of the square of the velocities in the wake and in the free
stream. In view of the derivation above one may set

¢p = AR =(u'_)2_
q g,

which can be expressed in terms of egyuation (22) and one obtains

= = 2
0.415 (r%)?

/

1/3
Com
ap _|, . 0.207(%T ) L (@)
q

;_\2/3 \43(2
(3!

WADD TR 60-257 -15=



(Ge'0=9H 0Ixv22="Y4 ‘20=N)

NOILNTOA3Y

40 AQO8 v 40 INTYM JHL NI NOILNGIY¥1SId 3¥NSS3dd
JHL 40 NOILYNINWNY3L3Ad TTVINIWIYIIX3 40 S17INnS3Y —<2 318vl

C66°0 $86°0 000°1 c00°1 000°1 000°1 5%
2L6°0 086°0 £66°0 86670 000°1 000°1 82
§56°0 04670 286°0 §66°0 000°1 000°1 81
2n6°C 056°0 §96°0 886°0 000" 1 000°1T 9°1
§26°0 626°0 Shn6°0 046°0 866°0 C00°T w1
506°C 006°C 026°0 §46°0 086°0 000" 1 g
$88°0 8460 0680 8060 g46°0 266°0 id
898°0 268°0 29870 048°0 €c6°0 656°0 80
TH8°0 ges e ™80 8€8°0 2€8°0 058°0 9°0
h8"0 §238°0 280 €1§°0 g4L0 2t o R
$€5°0 2280 7180 §6L°0 1 1) 08570 20
0€8°0 028°0 018°0 06L°0 ohL*0 025°0 0
b/d4v b/dv b/dv . b/dv b /4v b /dV e

21 ol 8 9 b 2 asx

<5

WADD TR 60-257



0l

vV 40 3MVM 3H1 NI

(gge'0= 92)

NOILNTOA3Y 4O
NOoiLNglYd1Sid

do do do dos do b/dv =d)
g 0 ol 8" 0 8 9 0
o1 8 0 o1 8 9 o1 8 9
4l HEE B E 111 R
21$arx 01=0/X 8:=0/X 9=0/X v=0/X% 2:=0/X
Q o) e) > | 3
y :
. 5 ;
A—”. ._. 00
) f
LN
_ P
o1
i #°
HININ, ._
M u 4
3
7 |1

AQo08
34NSS3ydd v 'old
€
2
: 2°0 s¥3IGNNN HOVW
¥/ Ol X pL°2 = ¥3IBWNN
5 SATONA3Y "ALISN3IQ ¥lv
OGNV ALID0T3A Wv3HLS
3344 ‘0 OL Q31vI3y
[
@
f——— QS'v |l_
T
e 4 -
i

=]17=

WADD TR 60-257



In the equations (21), (22), and (23) the velocity ratio %;— depends,
for given CD i % » and r* values, only upon the parameter . , which can be
determined from any point at which E—- is known. From Fig. L, it is evident
that 3 will vary depending on the 1gcation of the control section. Other-

wise it is convenient to choose points at the longitudinal axis as refer-

ence points. With r*= 0 and Cp = 0.35, equation (21) becomes

=]
o

SN |
[3®)
.
AOV]
P

from which 3 is found to be

v o= 20176 (24)
z(z)¥?

Yo

With equation (24) and the experimental data given in Fig. 4 one can

determine for each g value a related value of X as shown in Table 3

and Fig. 5.
TABLE 3
Ry
0 2 L 6 g 10 12
=
AR
9 0.525 0.725 | 0.775 12.800 |0.815 | 0.630
KEXPLRIMENTAL)
A .
w, 0.275 0.149 0.120 0.106 0.097 0.089
(CALCULATED)
}e’z
0.00372 | 0.00584 | 0.00497 | 0.00L06 | 0.00339 | 0.00305
(CALCULATED)
Y 0.0610 |0.0764 | 0.0705 |0.0633 |0.0582 | 0.0552

WADD TR 60-257 -18-
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The average value of X from Table 3 amounts to ¥ =0.0633 which

corresponds to CP at £ = 8, Substituting > =0.0633 and C,, = 0.35

o D
-&%r_*)z_
123

into equation (21) provides
5

- e (25)

i

(@]
N =

V]
L gt

o
—
(=]l

Corresponding to this relationship, the pressure distribution was calcu-
lated and the results are shown in Tabdle 4 and Fig. 6.

An inspection indicates good agreement between experimental and
analytical data at distances of % e,

In an attempt to obtain a better agreement between analytical
prediction and experimental results at shorter distances from the body,
the velocity and pressure distridution was calculated from equations (22)
and (23) using 3® = 0.0764 corresponding to an % value of 4 ( See
Fig. 5 or Tatie 3).

The cumerical forms of equations (21) and (23) amount to

i
D

(5
and — oKl o 2 T2
(5 )2/3
D
Q% =11 -(93%%%- e o
X
D

Table 5 and Fig. 7 show the results of these calculations. One observes
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now an improved agreement between theory and experiment in the central
portion of the wake in the range of x/D = 4 to x/D = 8, whereas the
results in the more outward portion differ as before. Also, the
results for x/D > 8 do not agree as well as before.

The above procedure was again repeated using the value ¥ =0.0552,
related to x/D = 12. Table 6 and Fig 8 show the results of these calcula-

tions. Cne observes that the analytical and experimental results agree

well only for x/D Z 10.

SECTIOK 5

CONCLIJSION.

An equation was derived which presents the velocity and pressure
distribution of the turbulent wake as function of an empirical parameter I

A study revealed that the predictions resulting from the newly
derived formule agree satisfactorily with those from known theories and
experimental data.

The empirical parameter X was extracted from newly performed experi-
ments and it was found that ¥ depends strongly upon the location of the
control section in relation to the rear end of the weke producing body.

Fairly good agreement between theoretical prediction and experimental

results was obtained by means of an average value of ¥ =0.0633 over a

6.

v

x
i -
range of 3

For better agreement at a particular location. especially closer to
the primary body or at great distance from it, specific X -values are
recommended which are presented as function of the dimensionless distance >

The numerical values of 3 presented in this study are related to

a wake producing bedy having drag coefficiente of CD = 0.35. It may be
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expected that the 3 -values as function of x/I) depend slightly on C:J of

the primary body.
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